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ABSTRACT 

This Report presents an approximate solution of 
a tapered conical shell segment under axisymmetric load- 
ing. The solution is based on the assumption that the ratio 
&'yo is small compared to one. Part I presents the case  
of edge moment and shear loads. Part I1 presents the case  
of uniform pressure and vertical edge forces. 

I. AXISYMMETRIC EDGE LOADING 

T h e  following i s  the solution for a short conical shell with a linear thickness variation under axi- 

symmetric edge loading. The solution applies to shel ls  for which the ratio A/yo i s  small compared to one. 

Shells with either a positive or a negative thickness variation are considered. Figure 1 shows the notation 

and sign convention. 

The equations that describe a shell of revolution can be reduced to two second-order differential 

equations. These equations are as follows (Ref. 1, Eqs. 315, 316): 

'2 d 2 U  '2 

'1 

-- 

I 1 1 ' 1  v d h  - _  - cot2$ - V -  - ~ c o t 4  U = E h V  
'1 L'2 

1 
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Fig. 1. Notation and sign convention 

'2 d 2 V  1 '2 + - c o t + +  

+ - [; (:) '1 

____ 

r: dq52 r1 

-U 

h 

These equations can be applied to a conical shell with the following substitutions: 

d d 
- r 1  - - -  rldq5 = d y  

d 4  dY 

r1 + m 
2 d2  

- = r l  ~ 

d 2  

dq52 dY2 

Equations (1) and (2) then become 

d 2 V  + (1 + 3y9 + v - ;) = -U Y -  
D tan a dY2 dY 

2 



i 

IPL Technical Report No. 32- I13 

where 

Let 

dh _ -  - constant (linear thickness variation) 
dY 

3 (g - 7 t - 
E V  

hy tan a 

- 
u 12 (1 - v2) 3 

E h y  tan a 

Equations (5) and (6) can be reduced to one second-order equation by multiplying Eq. (6) by a complex 

Constant, A = a + ib, and adding the two equations. 

- 3 - (1 + j] 
4Y2 hY 

2 

3 h '  (1 - 3 + - + -  
4Y2 hY 

- 
E V  

t 
hy tan a 

E h y  tan a 

3 
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- - d2 (U - + A V )  =[: (:)2 + $1 (i+ A i )  

dY2 

+ 

Let 

Solving for A, we get 

E 
3 h '  (+ - v) A + - 

1 2 A  (1 - v2)  

E h y  tan a 
- h '  (+ + v) 

E tan u 

A =  

E 
3 h ' ( +  - v) A + - 

tan a A =  
12 h ( l  - v 2 )  

E tan a 
- A '  (t + v) - 

h'E  tan a 

12 (1 + v) 

- -  
Introducing a new variable I = U + AV, Eqs. (5 )  and (6) become 

The relative order of magnitude of the terms inside the bracket of Eq. (7) can be examined by non- 

dimensionalizing the coordinate system. Let 

- h  
h = -, 

h0 

- Y -Yo 
s = -  

A 

4 
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- +  d2W 

dT2 

Then Eq. (7) becomes 

* 

- 
- 

- h ' ( -  - + 2u) --A(;)- A 

- -  / 1 \ 
h' (- + 2u) - 

- h ( 1 + -  Yo 4 

2 --A(;)- A 3 

4 
- 

2 (1 + 1 $7 (3 
- 
h ' ( 1 -  ~ ) i  12 ( 1  + u) A4 

- + 
( 1  - V) ( h  tan2 a yo" h i  

The relative order of magnitude of the first three terms inside the bracket i s  

- 
- h 'A 

( - + + 2 . )  = (-++2v)p)]<0(3 hYo ( 1  + $) 

- g)2 =0(1) 
4 

2 
3 

4 ( 1 + -  ;J (:j=O(:) 
If A/yo is assumed to be s m a l l  compared to one, Eq. (8) becomes 

(8) 

The requirement that A/yo be s m a l l  compared to one is the basic restriction on this  analysis. Further 

simplification of Eq. (9) can be obtained by making the following substitutions: 

- 
x = h = l + n s  

5 
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d2W 3 
x2 - + [- + i K x ]  W = 0 

dz2 

The parameter K can be positive or negative, depending on the relative s i ze  of h ,  and h,. The sign of K will 

affect the solution; therefore, each case  will be treated separately. In Case I, h ,  .<ho; therefore, n = 

negative. In Case 11, h ,  > h,; therefore, n = positive. 

Case I 

Let  k = IK 1 .  Equation (10) then becomes 

d2V 3 
x 2  __ + [- - ihx ]  w = 0 

dx2 

This  equation i s  of the form 

x2y" + X ( U  + 2bxr)y ' + [C + d x Z s  - b(1 - (I - T ) X '  + b 2 x Z r  I y = 0 

whose solution i s  given by (Ref. 2, pp. 166-169): 

(11) 

where 

""')z r 

P 

I t  follows that the solution to Eq. (10) i s  given by 

- 
X 

I =  ____ [C, ber, Z + C, bei2 Z + C, ker, Z + C, kei, Z 
2 J 2 k  

+ i (C, bei, Z - C, ber, X + C ,  kei, X - C4 ker, ;)I (12) 

6 
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where 

- - - -  
Since W = U + h V  = U + ( a  + ib )  V ,  the real and imaginary parts can be equated to obtain: 

V =  [C, bei, Z - C, ber, Z + C, kei, ?t - C, ker, Z] 
2 b a  

I- - 
X a a U = ___ [Cl (ber ,F-  - bei,;) + C, ( b e i , Z +  - ber,x 

2 4 %  b b 

- 

+ C, (ker, Z - - a kei, T )  + C, (kei, T + E ker, Z)] 

b b 

Expressions for M and 6 can be written as  follows (Ref. 1, Sections 127, 128): 
Y 

D A 
hf = - -  

A Y 

Remembering that 

V v =  -, . - Y o [ ' +  2 - 4 k  4p  ] 
and letting 

(13) 

(14) 

7 
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- 
2 z (1 + 2v) 

X 4 p  (1 + %) 
the quantities of interest become 

4k 
V =  [C, bei, Z - C, ber, Z + C, kei, X - C, ker, XI 

-2 
J Z b h o z  77 

h, F2  - a  a 

4 J %  

U =  kl (ber, z - bei, X) + C, (bei, Z + - b ber, z 

-)I a a + C, (ker, - z - - kei,;) + C, ( k e i 2 Z +  - ker2z 

b b 

a 

b 

a 

b 
8 =  - + beri Z - - bei i  F ]  

1 a 

b 

a 
IC, bei, Z + - berg + bei; Z + - beri X ( b 

1 - a  

b 

a 
+ C, [$ (ker, - x - ; + k e r i x  - - k e i i z  

a 

b 

+ C, [p (Leit Z + ; a ker, 
+ k e i i  r + - keri Z 

8 
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Case I1 

In this case, h ,  > ho ; therefore, R = positive. Equation (10) i s  

d2W 3 
x2 - + [- ; + iKx]  W = 0 

dx2 

Making the same substitutions a s  before, namely X= 2 f i x ' ,  the solution becomes 

and 

.I2 ( i  3'2 Z) = berZ Z + i bei2 Z 

It can be shown that 

j 2 ( i ' Z )  = ber2 Z -  i bei, Z 

The function Y2 ( i x X )  i s  defined as follows (Ref. 2, p. 157): 

r 

It can be shown that the following relation exists: 

ker2 Z + bei2 X + i Y2( i 'F)  = - - kei2 X + ber2 x 
2 

77 

9 
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Constants A and B are complex, so we can write W in its real and imaginary parts with four arbitrary 

real constants: 

A, [ber, Z + bei, Z + i (ber, X - bei, Z)] 
- 
X 

W =  
2 4 l T  

+ A, [-ber, X + bei, X + i (ber, 2 + bei, Z)] 

- 2  - 2  - + A, [ -her, Z + bei, x - - ker, x - - kei, x 
n n 

2 - 2 
+ i ( - -  kerq Z + bei, x + - kei, Z + ber, x 

77 77 

- 2  - + A, [ ker, X - bei, x - - kei, x - ber2 r 
n n 

2 - 
ker, X + bei, X - - kei, x - ber, F 

n 

Since 

i7 + (a  + i b )V  = w 

then, 

A,(ber, Z - bei, Z)  + %(ber2 7 + bei, Z) 
- X 
V =  

2 b  

- 2 + A, (- A ker, X + beiq x + - kei, Z + ber, x 
77 n 

2 
+ A ,  (- ker, Z + beip X - - kei, Z - ber, x 

n 77 

Since 

- 
I / = R e V - a V  

10 
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- 
- U =  X {Al [ (1 - f )  berg z + (1 + t) beiq z] 

2 C K  

+ A ,  [- (1 + f )  ber, F + (1 - f )  bei, F ]  

-)I + A ,  [- (1 + f )  (ber, z + ; kei, -) x + (1 - f )  (bei, - 2  x - - ker2 x 

7T 

+ A ,  [- (1 - f ) (ber ,r+  2 kei,;) - (1 + f )  ( b e i , Z -  ker,;)]} 
7l 7T 

Remern berin g th at 

- 
2 x (1 - 224 

€ = - +  

- 
2 x (1 + 2 v )  

and,re-arranging the expressions with four new constants to be consistant in form with case I ,  the quantities 

of interest become 

- - - - 
[C1 bei2 x - C, ber, x + C, keip x - C, ker2 X I  4 K  

0 b h, y 2  q 
V =  

11 
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- a  
U =  -her" [cl (berg x + ; bei, x 

4 0  K r l  

- a  
+ C, ( bei, x - - ber, x 

b 

- a  
+ C, ( ker, x + - kei, x 

b 

- a  
+ C, ( kei, x - - ker, x 

b 

- - 
C ,  ( 5  bei, x - beik X )  

E h o p Y 3  

96 \rz (1 - v 2 ) K b q  
ill = 

+ C, (6 kei, - kei i  x )  

- 
+ C, (-6 ker, x + 

12 
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a 

b 

- - a 

b 
ber2 x + - bei, + beri x + - bei2 x S =  

- a  

b 

a 

b 

- 
+ C2 [I (bei, x - - ber2 + bei i  x - - ber, x 

-1 - a  

b 

a 
+ k e r i  x + - kei, x 

a 

b 

- - a  

+ c 4 [  ( b 
$ kei, x - - ker2 + k e i i  x - - keri x 

I 

13 
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II. AXISYMMETRIC PRESSURE AND VERTICAL EDGE FORCES 

The following is an approximate solution for a conical shell of the type described in Pa r t  I. Th i s  

solution is for uniform pressure loads or vertical edge forces, as shown in Fig. 2 .  The differential equations 

differ from those of Part I in that the loading term m a k e s  the equations nonhomogeneous. The solution, there- 

fore, can be divided into a homogeneous solution (identical to that of Pa r t  I), and a supplementary solution 

for the loading term. 

I 

I 

UNIFORM PRESSURE EDGE FORCES 

Fig. 2. Applied forces 

A. Uniform Pressure Loading 

The equations used in the derivation of Eqs. (1) and ( 2 )  that are affected by the surface load P are 

the following (Ref. 1, Sections 12'7, 128): 

d 

d4 
Nd ro + No r1 sin 4 + - (Qr,)  + ro r l p  = 0 

14 
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Equations (5) and (6) become 

- 2 
3 EV 

4 Y 2  hY hy  tan a 

- 
3 u 12 (1 - Y 2 )  

Ehy tan CL 

Following the same procedure as in Part I, Eq. (10) becomes 

M x 2  d28 + [- 3 + x iK]  W = eP$l2 + yPx 

dz2 
( 16) 

I where 

YO 
Y P = p - G  ( 1 -  f )  t a n a  

P 

The solution for the homogeneous part of Eq. (16) i s  the same as the solution given in Part I, namely 

Eq. (12) or (151, depending on the sign of K .  The particular solution i s  of the form 

Hence, 

15 
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The complete solution consists of the particular solution plus the homogeneous or bending solution. 

Letting the subscript b denote the bending solution, the quantities of interest become: 

Case I ,  h ,  < h, 

- 

M = M  + 
EA, P" 2 2  [(E + ;) tp + Ypk) - 3 3  y b  ~ ( 1 - v  ) k  b q  

4 r l 2 k s i n ~ { [ -  ; (. .)1 "Pep 
6 =  6,+ E + -  € - - - + y k  +- - -  

E h i  Z 2  2 k 2  713 b r l k  h, 

Case 11, h ,  > A,  

EA, p Z 
M y = M  - [k + :) (.. + yPK) - EP t] y b  24(1- v 2 ) K 2 b q  

16 



JPL Technical Report No. 32-113 

where 

y sin a U 
6 =  Eh [-: + v  - y - p y  (1 - ;) tan.] 

The bending solution contains four constants. These can be evaluated by using the following 

boundary conditions: 

At 

Y = Yo 

M - 0  

Q = O  

At  

Y = Y l  

M = O  

Q = O  

where 

P M = M 4 , + M  

Q = Q a + Q ,  

B. Vertical Load R 

Let R be the total resultant vertical force acting on the shell. Assume that R is uniformly distributed 

around the edge of the shel1,as shown in Fig. 3. The same equations are affected by the vertical load as by 

the internal pressure. 

d 
N+ro + Norl  s i n 4  + - (Qr,)  = 0 

d4 

2 r r 0  N+ s i n  4 + 2 r r 0 Q +  cos 4 = - R  

17 
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Fig. 3. Components of vertical force R 

Upon substitution and change of variables, Eq. (10) becomes 

where 

R h i  - v R  h,  
E R  7 YR = 

2 vy0p  2 s i n  a cos a G O ’  2p77 6 sin a cos a 

Equation (17) is identical to Eq. (16), except for the values of E and 7 ,  which are constant. Therefore, the 

solution for every quantity except 6 is the same as that for the uniform pressure loading, except that one 

must replace E and 7 with and yR,  respectively. P P 

The quantities of interest become 

Case I, h ,  <ho 

18 
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Eh, p Z  
M y = M  + 

y b  24(1-  v 2 )  k2 b q  

r 

houR I 6 = 6 , +  4 q 2 k s i n a  {[- h ~ ( 1 " 2 " ) ] [ . . x  ( ER - +  7 yRk )] +----- a p - E ~  + 2 
E h i  F2 2 k 2 q 3  b q k  2 7 7  c o s a s i n  a 

Case 11, h, > h, 

6 = 6,+ 4 q 2 K s i n ~ { [ h ~ ( 1 + 2 u ) ] [  - - E  + -  ( eR-+yRK 7 )] -- ' P E R  + 2 
E h i  X 2  2K2 q3 b K q  2777 cos a s i n  a 

where 

1 [- + + 2 n y  sin a c o s  a 

y sin a uR 
6 =  

Eh 

The boundary conditions needed to evaluate the four constants in the bending solution are different 

from those of the uniform pressure case. Since R is a vertical force acting on the edge of the shell, we can 

say the following: 

19 
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At 

Y = Yo 

M = O  

H = O  

At 

Y = Y 1  

M = O  

H = O  

where 

M = M , + M  P 

H = the total horizontal force per unit length 

R 

277y0 sin a 
-Ny cos  a - Q, sin a = 

-Nu sin a + Q cos  a = 0 
Y 

R 
-N-, cos a sin a - Q, sin2 a = __ 

I 

- N ~  sin a cos a + Q cos2 a = o 
Y 

Similarly , 
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Thus, the boundary conditions become: 

at 

Y = Yo 

M = O  

at 

where 

M = O  

21 
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111. DISCUSSION 

The one condition made to simplify the differential equations is that A/y, be small compared to one. 

The .approximation i s  independent of the opening angle of the cone and also of the behavior of the derivatives 

of W involved. Therefore, the solution should be applicable for shallow or steep cones as long a s  A/y, is 

small. As the cone approaches a cylinder (a = OO), the solution reduces to that of a tapered cylindrical shell 

(Ref. 4). For shallow cones, the solution applies if 

12 (1 + v) 
> 1  

p2 (1 - Y) tan2 a 

If 

12 (1 + v) 
< 1  - 

p2 (1 - v) tan2 a 

this analysis i s  not applicable, s ince the argument Z and other parameters become zero or complex. 

22 
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D 

E 

h 

h ’  

H 

i 

K 

k 

MY 

NY 

n 

P 

QY 

r 

R 
- 
S 

NOMENCLATURE 

E p  tan a 

12 (1 + v) 
- 

12 (1 + v) 
- 1  J (1 - v )  p 2  tan2 a 

E p t a n a  

12 (1 + u)  

constants of integration 

Eh3 

12 (1 - u2) 

Young’s modulus 

shel l  thickness 

derivative of h with respect to distance 

horizontal force, lb/in. 

IK I 
meridional bending moment, Ib/in./in. 

meridional membrane force, lb/in. 

nondirnensional thickness gradient 

pressure, psi  

transverse shear, !b/in. 

radius of curvature 

resultant vertical force, l b  

nondimensional coordinate 
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NOMENCLATURE (Cont'd) 

V rotation of meridian 

v p y v  

w U + k V  

x nondimensional coordinate 

x 2 & * %  

y coordinate 

a cone opening angle 

A meridional length of shell, yl  -yo  

3 ho 

2 P2 
- - p  - tan a €P 

€ R  
2 n y 0 p 2  sin a c o s  am, 

uh, R 

2 n p  d G  s in  a c o s  a 
yR - 

A complex constant, a + ib 

24 
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NOM E NC L ATU R E (Con t ’ d) 

h l  - h o  
p thickness gradient, 

y 1  -yo 

4 polar angle 

v Poisson’s ratio 

- 
2 x ( 1  + 2 v )  

4 - -  

2 x (1 - 2v) 6 -  + 

25 
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